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MODELING THE STACKELBERG
STRATEGY IN A LINEAR
MODEL (LINEAR CITY)
HOTTELING

Professor of Samarkand Institute of Economic Assistant Professor of Samarkand Institute of
and Service, Samarkand, Uzbekistan Economic and Service, Samarkand, Uzbekistan

Abstract: The article examines the model of a linear city with exogenous Stackelberg competition between two firms. In
this model, at low transport costs, firms in equilibrium are located at one point in the center of the market, while the profit of
the leader firm is twice the profit of the follower firm, the price is minimal, and the quantity of products supplied is maximal
at the point where the firms are located. At higher transport costs, firms differentiate, and the market, as it were, splits into
two “submarkets”: the leader firm sells the bulk of production near its location, and the follower company sells the bulk of
its products, while the profit of the leader firm exceeds the profit of the follower firm by less than twice, the price is always
minimal at the point of location of the leading firm. With an increase in transport costs, the quantities of products supplied
by firms decrease, and the price rises.

Key words: spatial competition, Stackelberg oligopoly, Hotelling‘s linear city model.

Annotatsiya: Magolada ikki firma o‘rtasidagi ekzogen Stackelberg raqobatiga ega chizigli shahar modeli ko'rib chigiladi.
Ushbu modelda transport xarajatlari past bo‘lgan holda, muvozanatdagi firmalar bozorning markazida bir nugtada joy-
lashgan bo'lib, yetakchi firmaning foydasi ergashuvchi firmaning foydasidan ikki baravar ko‘p, narxi minimal va mahsulot
miqdori. Ta’minlanganlik firmalar joylashgan nugtada maksimal bo‘ladi. Ko‘proq transport xarajatlari bilan firmalar farglanadi
va bozor go‘yo ikkita “kichik bozor’ga bo‘linadi: yetakchi firma mahsulotning asosiy gismini o'z joylashuvi yaginida sotadi
va ergashuvchi kompaniya o'z mahsulotining asosiy gismini sotadi, shu bilan birga foyda oladi. Yetakchi firma ergashuvchi
firmaning foydasidan ikki baravar kam bo‘lsa, yetakchi firma joylashgan joyda narx har doim minimal bo‘ladi. Transport
xarajatlarining oshishi bilan firmalar tomonidan yetkazib beriladigan mahsulotlar migdori kamayadi va narx ko‘tariladi.

Kalit so‘zlar: Fazoviy raqobat, Stackelberg oligopoliyasi, Hotellingning chizigli shahar modeli.

AHHOTaUusA: B cTaTbe paccMmaTpuBaeTcs NIMHEiHasi Mofesb ropoaa C 9K30reHHOM KoHKypeHLyer no LLiTakensbepry mexay
ABYMs compMmamit. B aToi Mogenu npyu HU3KMX TPaHCMOPTHLIX M3AepkKax oMpMbl, HAXOASLLIMECS B PABHOBECUI, PACono-
KEHbI B TOYKE B LIEHTPE pbiHKa, MP1ObINb BeayLlei h1pMbl B ABa pasa NpeBbILLaeT Npubbinb creaytoLlei upMbl, a LieHa 1
06beM Bbinycka MUHUMarbHbI. [peanoxeHe MakcMarnbHO B TOM TOYKe, Fae pacnosiokeHbl dvpMbl. Mpu Gonee BbICOKMX
TPaHCMOPTHbIX U3AePXKKax MPMbl AUEPEHLIMPYIOTCS, M PbIHOK pacrnafaeTcs Ha ABa “cyGpbiHKa”™: BedyLuas dvpmMa npo-
JaeT GonbLUy YacTb CBOEN NMpoAyKUMM BOGMU3M CBOETO MECTOMOJIOKEHUS, a oupMma-nocnefoBaTtesib NpodaeT GonbLuyto
YacTb CBOEW NpoAyKLUMK, Nonyyasi Npy 3ToM Npubbinb. LieHa Bcerga MyHMMarbHa B MECTe HaxoXXaeH s BeayLuen upmbl,
ecnu npubbinb Beadyluel hUpMbl MEHEE YeM B [Ba pasa NpeBbilaeT Npubbinib criegytollein pupmbl. C yBenuyeHnem
TPaHCMOPTHbIX PACXOA0B KOMMYECTBO NOCTaBIIieMON (hupMammy NPOAYKLMKM YMEHbLUAETCS, a LieHa Bo3pacTaeT.

KntoueBble croBa: NpocTpaHCTBEHHas KOHKYpeHLuusi, onurononus LLitakensbepra, nuHeHas mogens ropoga XoTensvHra.
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INTRODUCTION

Definition of the linear model (linear city) Hotteling. “Suppose that along a straight beach of length L, at a
distance a and b from its left and right ends, there are 2 trays - A and B, from which ice cream cones are sold.
Buyers are placed at a distance of a unit of length from each other, and each buys one horn within a given
period of time. The cost of producing ice cream is zero, and the cost of its “transportation” by the buyer from the
tray to his place under the beach umbrella is equal to ¢ per one unit of the way (after all, ice cream melts on the
way!) Let P A be the price of one cone on the tray A, PB - the price of one cone on Tray B.

ANALYSIS OF LITERATURE

Analysis of literature on the topic Based on foreign experiences, it should be ensured that many econo-
mists have been engaged in the development of marketing opportunities and their practical application. Among
them are Menshikov I.S. Bhadury J., Chandrasekaran R. Padmanabhan V., Combes P.-Ph., Mayer T. and
Thisse J.-F. Meza S., Tombak M. Prescott EC, Stackelberg H.

RESEARCH METHODOLOGY

Systematic approach, abstract-logical thinking, grouping, comparison, factor analysis, selective observa-
tion methods were used in the research process.
Analysis and results. Then the buyer at point E does not care which of the two trays to buy ice cream from,
if the following condition is met:
PA+cx = PB+cy (1)

Fig. 1: Model of the linear city “Hotteling”

Let’'s make the following designation according to Figure 2.

Let a+ x +y+b =L

Where L is the length of the beach.

Find the coordinates of the point E, determining the distances x and y:

P,—P,+cy P,—P
b aT Y b a—b—x ()

X:
cC c

or

1 P, P
Y:—*(L—a—b+a7b)
2 c

Let’s write expressions for the profit of each of the trays (i.e., each of the firms):

Pan_Pza)

1
Ha=Pa(a+x]=E*((L—a—b)Pa+ -

1 P,P, — P2
l'[bsz(ber):z*((Laer)PbJra *’C f’)

Each of the firms will choose a price that maximizes its profits, based on the necessary condition for max-
imizing profits:

(%) https://yashil-igtisodiyot-taraqqiyot.uz
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an, 1 P, — 2P,

—_ — % J— J— - - :0
E, 2 ((L a—b)+ .
al_lb 1 Pa—Z*Pb
= % — — - :0
3P, 2 ((L a—Db)+ .

By solving the equations together, we find that:

a—b
Pa:c(L+T)

po— et 2P
b = c( 3J

If the stalls (firms) are located at different distances from the ends of the beach, then these prices will
differ from each other, and the differences in prices, due to the identity and zero marginal production costs,
are explained solely by the difference in location: the firm that is better located may require a higher price for
the product, while retaining a larger market share, that is, not yielding any significant market share to another
company.

Note that this model does not entail the strategic behavior of the two firms. Below we will consider a deeper
analysis of the linear model in terms of the Stackelberg model.

Main part.

Stackelberg model of a linear city with exogenous competition.

Definition: “Let the following assumptions be fulfilled”

1. The market is a unit segment [0, 1] with a uniform distribution of consumers.

2. Firm-leader (firm 1) is located at point x,, and the follower firm (firm 2) — at point x,, and firm 1 is located

“To the left” of firm 2, that is: x, < x,

3. The function of transport costs is linear in x, that is, transport costs for the delivery of a unit of goods

from the location of firm k to point x is determined as follows

t=|x-x|]

Where t — transportation costs for the transportation of a unit of production

There is no cooperative behavior of firms

In the first round, firms choose a location, in the second round - the number of products offered.

Firm 1 is the leader in both rounds and anticipates the reaction of firm 2, which is the follower.
Production costs of both firms are zero.

Firms themselves pay transport costs for the delivery of goods to the consumer.

Each point of the market is a separate submarket, where a different price can be established from the
price in other submarkets, that is, there can be price discrimination based on location.

Let the demand function at point x be defined as

©CeNO O A

P=1-Q
Where P is the price, Q is the quantity of goods. Let
Q=gq,+gq,
Where q, and q, are the quantities of goods supplied by firms 1 and 2, respectively.

Let’s start by looking at the second round:
Let us define the profit of the follower firm at point x:

nz(x1,X2,q1,q2) = q2(1 - q1 - qg) - q2t|X - X2| = _q2t|X - X2| - q22 + (_q1 + 1)q2
Let’s define the profit of the company - the leader at the point x:
nz(x1,X2,q1,q2) = q1(1 - q1 - qg) - q1t|X - X1| = _q1t|X - X1| - q12 + (_q1 + 1)q1
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Let us find the reaction function by the number of the follower firm in the second round. For this, the deriv-
ative of the function ,(x,,x,,q,,9,) for g, equate to zero:

malx1, xa,q1, ) /0ga = =t |xwa — x| =20 —qn + 1 = 0.

Solving this equation, we obtain the reaction function for the number of firms 2 q,(q,):

tlza—x|+q—1
@lg) = - | | i 2

2

Substituting the response function of the follower firm (the above equation) into the profit function of the
leader’s firm:

T (21, 22, 41, ¢2) =

—(t g —x|+q —1)
2

_ql |z —af = 2ql vy — | - @’ +q

= 5 :

={—=q) T |#1—Z| —~ @1 —qt g =

To find the equilibrium quantity of goods offered by firms at the point x, we calculate the derivative of the
above function with respect to q,:

tleo—x| =2t |z —2|—-2q1 +1
O?T|(.I'|..!"j.!’“‘qg)/afh = |:2 : | |_;1 : | o ;
Equating to zero and solving the resulting equation, we obtain the equilibrium quantity of goods supplied
by the leader firm at the point x;

t e —x| =2t |ty —x]+1
-) ®

¢ (v, 2122) =

Substituting the above equation into the function q,(q,) we find the equilibrium quantity of goods supplied
at point x by a firm follower of q,*(x, x,, X,) :

i _.f. |.r-3—.1'|—'2‘2i |21 —=|+1 oot !‘]"2 _ ]'| + I
Ga (2, 01, 22) = 5 =
3t |lzg — 2| =2t |2y — 2| =1
= ; :

Using P=1-Qand Q = q, + q,, we find the equilibrium price p*(x, x,, X,) at the point x:

Pz, T1,12) =
t |leg—x| =2t |2y —2|+1 =3t |wg—2|+2¢ |2y — 2|+ 1
— = +
9 4
_ tlry — 2|+ 28 |2y — 2|+ 1]
— y
Substituting in M,(x,,x,,q,,9,) and I1,(x,.X,,q,,9,) the equilibrium values q,*(x, x,, X,) 1 q,*(X, X,, X,), we find
the equilibrium profit of firm 11, * and and equilibrium profit 1,* of firm 2 at point x.

l:

. (213)

Ty (@, 21, 22) =
| 5 o B il
= F(!”” |zg — 27 + (— 12t |xy — 2| — En‘] |z — 2| +
]
+488 |2 - SE |y — x| + !),
Ty (2,2, 29) =
L, ; .
= ;(F‘J |Eg — J'l‘Z + [— 1° r1 — .I'| 5 2!‘) |xa = .I'| o

+ 482 |3 —xf? — 4t |z — 2]+ !)_
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Round one:
Let us find the integral function of the profit of the firm - the follower of. By the integral function we mean a
function that describes the market as a whole, and not a single point in the market.

1
Ia(ry.a5) :f I.‘,}I{.l‘. ry, Ta)dr =
0
e i L((_i.)!'-’ s — ,.l —Uf) |j. . f‘|+(”2{i' o ’_}2_’_
i lh 9 o 1 & oL = v Lo &
+ At oy — x| + 482 (2 —2)° + 1)&.;-.

Given the constraints on the relative position of firms, the expression for the integral function shown above
can be calculated as follows:

1
]IQ{J'[ . .F'g} = [ I;{.J'. €Iy, .I'g}l’!l.il' =

40

T o]
= f mala, 21, xe)dr + f mala, xy, a)dar+
0 Ty

1
+f (@, 1y, w0 )dr =
£

1 P . .y 2
ST (12#.:-.2-" + (=362 2; — 27 + 181) a2+

+ (362 2,2 + 36 1%y 4+ 91% — 181) 2o+
=128 2% + (=128 — 12¢) x° + (121 — 64%) oy — 2+

+ 31— .'5).

Let us construct a reaction function based on the location of the follower firm x,(x,). Find the value x,, that
maximizes the follower firm’s response function. Let us find the derivative I1,(x,, x,):

U]IQ(.!'1, .i'g)/f_’).!'g =
1
- —E(m? z9® + (—242 z; — 18° + 12t) zo+
+ 12 2 12w + 3 — Gr).

Equating the equation to zero and solving the resulting equations, we get:

V(B2 —161) o1 + 512 — 4t +4— 4tz — 3t +2
41

Ta(x) = —

and

VB2 —161) 2y + 502 — 4t + 4+ 4ty + 31 — 2
ry(a1) = = -

Let us find the integral function of the profit of the company - leader I1,(x,,x,).

1
I (xy, x0) = [ my(x, 2y, 20)de =
Jo

1
/ ((2?‘ — it .1'1}} |1y — x| + 12 (zg — .f'}2—|-
0

— 4t (z—2)+4B (@ —2)° + I)u’;r.

00| -
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Let’s write the integral function as a sum:

1
Iy (2, 29) = / mi(x, 2y, we)dr =
Jo

Ty Td
- f my(x, 2y, 29)dx + / 7y (z, 2y, To)dz+
0 x

1
+/ (2, oy, 29)da.
x2

Than:

= - (-lf'.!’g3 + (—128% 2 — 3¢ — 61) x4+
1 1282y — 3¢% +61) xo+
—482% + (120 - 120%) 2% + (68 — 121) 7 — £ + 3¢ - 3).

Substituting the response functions of the follower firm by location X,(X,) into the integral profit function of
the leader firm (indicated above).

ITi(z1) =

9,043 2y .2
= 192:((2“ — 48%) a4+
+ /(812 — 16¢t) xy + 52 — 41 + 4x
x ((164° — 32¢t) @y + 2 — 20t + 20) +

+ (=845 + 24042 — 1448) 2y + 1142 + 612 — 36 + 40).

When setting the First X,(X,), we get:
When setting the Second X,(X,) we get:

Ti{z1) =

i 1511-?r (4822 - 24%) 22+

4+ /(812 —16¢) o1 + 512 — 4t + 4x
x ((16* — 32¢t) =, +t* — 20t + 20) +

+ (84¢3 — 24062 + 144¢) z, — 11¢8* — 6¢t* + 36t — 40).
1

Having received the equations of profit, we can then proceed to the analysis of the extrema of each of
them:
First Option: Function

IMy(21) =

= 1921 ((24 t' —48¢%) 2%+
+/ (812 —16¢) oy + 512 — 4t +4x
x ((16%* — 32t) ; +t* — 20t + 20) +

+ (=846% + 24012 — 1441) 21 + 1162 + 6% = 36¢ + 40).

Reaches an extremum at a point

r =
_(Tt=6) /(82— 161) 2 + 52 — 4t +4 - Tt* +12¢ — 12
4t/(B12—161) oy + 512 — 4t + 4+ 1612 — 32t

- (A)
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Let’s replace the variable in x, with the one shown above:

w=+/(8t2—16t)x; +5t2 —4t+4 w > 0. (B)

Than:

2 42 / /

w=—5t"+4t —4
r = WD) . (C)

814 — 161
Substituting (C) in (A) and solve this equation for w
We get: VATEZ = 1407 + 132+ Tt — 10
w = — 5 B (D)

4112 — 140t + 132 =Tt + 10
w = v —: s (E)

And
w=3t—2.(F)

In (C) we put (D), (E) and (F). We get:
(Tt —10) /412 —140¢ + 132 + 35¢2 — 132¢ + 108

= 1612 — 321
b — (Tt —10) V4112 — 140t + 132 — 35t + 132¢ — 108
S 1642 — 32¢
and
1
r = 5

Let’s find the X, values by the above three roots X,. To do this, we substitute these roots in the equation:
V(882 —16t) zy + 512 — 4t +4 —4tx; — 3t +2
Za(x1) = — P

Below we get the following roots:

Ty =

o M

2342 27 ¢

x ((4f—3) (Tt —10) VATE2 — 140t + 132 + 452 — 140t + 116+
+ (52% & w’iz) VAT — 140t + 132 — 472 2+

+412%¢ —312%), (2.34)

x

Ty =

1
DT
< (48 —8) \/(10 — 74) VITE —TA0Z+ 132 + 4512 — 140t + 116+
IE (7\/53— 52%) VALZ — 140¢ + 132 - 47 V2 £+
+.-112%’f—312%) (2.35)

H
(2.36)

b =

T9 =
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Second option:
Function:
Hl{:rl} =
1 9
= 4812 — 24¢° +
1925(( ) z®
+ /(812 —16¢) =1 + 512 — 4t + 4x
x ((16 €% — 32t) xy + % — 201 + 20) +

+ (8465 — 24082 + 1448) 2y — 114° — 64>+ 36¢ — 40).

Reaches an extremum at a point

I =
(Tt —6) /(B2 =168) z; + 582 —dt + 4+ T1? - 12t + 12
1t+/(812 = 16¢) x; + 52 — 4t + 4 — 162 + 32¢ '

By a similar change of variable we obtain

(7t —10) /4112 — 140t + 132 — 352 + 132¢ — l[]b
1612 — 32t

Ir5 = —

(7t —10) V412 — 140t + 132 + 352 — 132¢ + 108
1612 — 321

r =

n

I =

bo| =

Let's find the X, values by the above three roots X..

|
I e T
% ((1—21) |v’-11r?— 1-1{1r+1:52—?r+1(}‘+
+ (Tt —10) VATE — 1407 + 132 — 472 + 1641 — m).
1
g =

T 162 —32¢ "
x (2t - 1) |\/41.f'2

+ (7t —10) VA1 2 — 140t + 132 + 4742 — 164t + 124)

" )
13t —2| +5t—2

41

s =

So, we have six possible options for an equilibrium position. In addition to these six, variants with the loca-
tion of the leader firm at points 1 and 0 should be checked. The location of the follower firm is determined in
this case from the response function of the follower firm. Equating the equation to zero and solving the resulting
equations, we obtain:

VB —16t) x) +582 —dt+4 -4tz —3t+2
4t

Zo(Zy) = —

or

VB —16t) 2, + 582 — 4t + 4+ 4tz +3t -2
At

ro(x1) =
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For X, =0
—v5t2—4t+44+31t-2

It

g =

or

vhtZ —4t+4+3t-2
4t 5

Tra =

For X, =1; X, =1.

Now Ilat’s getzdown to the most interesting thing, find which of the equilibrium values satisfy the conditions
of the model. These values should maximize the integral functions of profit, and also satisfy the conditions 0<
X,=X,=1. Considering that the leader firm foresees the follower’s actions at both stages, we will assume that the
leader firm chooses from the possible equilibrium positions the one that maximizes its profit.

Table 1 below shows only the “permitted” locations of firms, in which the profit function of the leader firm is
maximal, but the entire market is served. In this table, we took the transport tariff from 0.1 to 0.6.

Table 1: Approximate parameters of equilibrium placement

t X X,* nr n Stackelberg equilibrium
0,1 0,5 0,5 0,119 0,059 (2,40);(2,43)
0,2 0,5 0,5 0,113 0,056 (2,40),(2,43)
0,3 0,5 0,5 0,107 0,054 (2,40);(2,43)
0,4 0,451 0,541 0,102 0,051 (2,39);(2,42)
0,5 0,375 0,625 0,098 0,052 (2,39),(2.42)
0.6 0.338 0.697 0.099 0.055 (2.39);(2.42)

CONCLUSION

The Nash — Stackelberg equilibrium of firms depends on transport costs. At low values of transport costs,
firms are undifferentiated; at higher transport costs, firms are differentiated. Consequently, in Hotelling’s model,
the level of differentiation of firms depends on the transport tariff.
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